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Abstract 

Most commonly used moving average (MA) parameter estimators are approximations of the maximum likelihood 
estimator (MLE). For large data records, MLE estimates are asymptotically unbiased and minimum variance with zero 
mean square error. This paper studies a new MA parameter estimator which is based on order statistics. Under certain 
specific conditions, this estimator has a low probability of error for a finite number of samples. The estimator 
performance is studied when used to identify minimum and non-minimum phase systems, in the presence of independent 
additive noise, Gaussian or otherwise. 

Zusammenfassung 

Die hgufigsten angewandten Estimatoren von MA Parametern sind Ngherungen zum Estimator von maximaler 
Wahrscheinlichkeit. Wegen seiner asymptotischen ‘unbiased’ und minimalen Varianzeigenschaft, der Gebrauch dieses 
Estimators fiir Parameterestimation kann fiir grosse Datenmengen gerechtfertigt werden. Es ist dariiberhinaus hinrei- 
chend bekannt, dass sein Schritzfehler asymptotisch gegen Null geht. Dieser Artikel befasst sich mit einem neuen 
Estimator von MA parametern, welcher auf Statistikordnung beruht. Wir erlHutern die Umstgnde unter denen der 
Fehler dieses Estimators fiir eine endliche Anzahl von Signalpunkten mit hoher bekannter Wahrscheinlichkeit gegen 
Null geht. Ausserdem untersuchen wir das Verhalten dieses Estimators bei Gauss’schem und nicht-Gauss’schem 
Rauschen sowie fiir die Erkennung von Systemen von nicht-minimaler Phase. 

La plupart des estimateurs des paramttres MA sont des approximations de l’estimateur du maximum de vraisem- 
blance. L’estimateur du maximum de vraisemblance est asymptotiquement non biaisk et de variance minimale, 
ce qui permet de justifier son utilisation pour l’estimation de parametres B partir d’&chantillons de grande taille. De plus, 
il est bien connu que I’estimateur du maximum de vraisemblance poss6de une erreur asymptotiquement nulle. Le 
but de cet article est d’etudier un nouvel estimateur MA basi sur la statistique d’ordre. La principale propritti: de cet 
estimateur est qu’il poss&ie, sous certaines conditions qui sont p&is&es, une erreur nulle pour des nombres de points 
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finis avec une forte probabilitt que nous dkterminons. Les performances de cet estimateur, dans le cas de systkmes 
perturb&s par un bruit additif gaussien ou non-gaussien ou dans le cas de systkmes B phase non-minimale, sont ensuite 
Ctudi&es. 

Keywords: Estimation; Parametric modeling; Order statistics; Statistics of extremes 

1. Introduction 

AutoRegressive Moving Average (ARMA), 
AutoRegressive (AR) and Moving Average (MA) 
models have been used successfully in many signal 
processing applications. These applications include 
spectral analysis [6], adaptive filtering [3] and 
pattern recognition [2]. The estimation of the 
parameters of these models has been studied 
with increasing interest in recent years. Many 
methods have been proposed, which use second- or 
higher-order statistics [6,8]. These methods ac- 
count for Gaussian or non-Gaussian signals, the 
presence of non-linearities and the non-minimum 
phase property. Two principal methods exist for 
estimating parameters: (1) the method of moments, 
which does not always lead to efficient estimators 
but often is easily implemented and (2) the max- 
imum likelihood method which is often preferred 
because it is asymptotically unbiased with min- 
imum variance property but may be difficult to 
compute. Moreover, the Maximum Likelihood Es- 
timator (MLE) has an error, which asymptotically 
decreases to zero. This paper studies a new MA 
parameter estimator which is based on order statis- 
tics. This estimator, denoted the OS estimator, is 
restricted to models driven by the special class 
of white noise input e(k): e(k) is bounded by 
its maximum E = Max{e(k)} such that PE = 
P[e(k) = E] > 0. We focus on the special case of 
binary inputs which leads to the communication 
channel-equalization problem. The new estimator 
yields a small probability of error for a finite num- 
ber 6f data samples. 
This paper is divided into three sections: 
(1) MA estimation using order statistics; 
(2) OS estimation performance for minimum phase 

systems with additive noise and comparison 
with the Durbin estimator; 

(3) comparison with the Giannakis-Mendel 
estimator for non-minimum phase systems. 

2. MA estimation 

Let e(k) be the input white noise and x(k) be the 
output of a qth order MA filter, with parameters 

bo, b 1, . . . , b,. The MA model is given by 

x(k) = i bie(k - i), kcZ. 
i=O 

A new method is proposed for estimating the 
parameters {b,} for the special class of white noise 
input e(k): e(k) is bounded by its maximum 
E = Max{e(k)} such that 

P,=P[e(k)=El>O VkczZ. (2) 

The paper focuses on the binary input case, when 
e(k) = + 1. However, the approach can be ex- 
tended to discrete or clipped inputs. 

e(k) 
MA 

bO,bl ,....bq ‘-., 

\ 

“\ .___......__......_................. -. 

\ MA yq(k) 

cq 

Fig. 1. 4 + 1 single-channel model. 
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2.1. The analysis jilter: a convenient tool [lo] 

A 4 + 1 set of first-order MA filters is connected 
in parallel at the output x(k) as shown in Fig. 1. 
These filters will be denoted as ‘analysis jilters’ with 
parameters (1, cj), for j = 0, . . . , q. The analysis fil- 
ter outputs yj( k) for j = 0, . . , , q are given by 

yj(k) = X(k) + CjX(k - 1) 

= hoe(k) + i (bi + Cjbi-l)e(k - i) 
i=l 

+ Cjb,e(k - q - l), j = O,l, . . . ,q. (3) 

The anal 

I.vj(k)l d 

+ 

sis filter output satisfies 

bOe(k)l + i Ibi + Cjbi-l)*le(k - i)I 
i=l 

cjbgJ’le(k -q - 1)l. (4) 

Thus, the maximum of the sequence {yj(k)}ksZ, 
denoted by Mj, is 

Mj= Ib,J + i Ibi + cjbi-11 + (Cjbql. (5) 
i= 1 

By denoting S,(i) = sign(b, + cjbi- 1) for i = 1, 
. ..) q, S(0) = sign(b,,) and Sj(q + 1) = sign(cjb,), 
Eq. (5) can be rewritten as 

Mj=boS(O) + 2 (bi + cjbi- l)Sj(i) + CjbrSj(q + 1) 
i=l 

or 

Mj = f bi[Sj(i) + cjSj(i + l)]. (6) 
i=O 

The concatenation of (6), for j = 0, . . . , q, yields 
a linear system of q + 1 equations with q + 1 un- 
knowns bi. This system can be written as 

_M=Ab, (7) 

with 

_M = CMo, . . . ,MJT, 

b = Cbo, ... JqlT, 

A = [aji] = [Sj(i) + cjSj(i + l)]. 

The matrix equation (7) will yield unique MA para- 
meters provided that the (q + 1) x (q + 1) matrix 
A is of full rank q + 1. The parameters {Cj> must be 
chosen such that the q + 1 vectors &j = [S(O) + 
cjSj(l), . . . , Sj(q) + cjSj(q + l)IT are linearly inde- 
pendent (condition A). If condition A is satisfied, (7) 
provides a new MA parameter estimation method 
for inputs satisfying the ‘bounding’ condition in (2). 
In what follows, a convenient way is presented for 
choosing filter analysis parameters which satisfy 
condition A. 

2.2. Choice of jilter analysis parameters 

First, some rough MA parameter estimates are 
obtained using a conventional method such as 
Durbin [6]. These estimates will be denoted b? for 
i =o, . . . ,q. Let r* = - bF/bF_, for i = 1, . . . ,q 
and r:, 1 = 0. 

Secondly, the r* are arranged in increasing order. 
This gives the r* order-statistic vector 
[ST, . . . , s:+ 1] such that 

s: d s: d ” < s4*+ 1. 

The parameters cj, for j = 0, ,.. ,q, are then chosen 
in the following way: 

* CO<Sl <Cl <s;< ..* * <s: <c, <s,+1. (8) 

Note that (8) does not take into account cases 
where some ST are equal. This particular case does 
not occur in most applications, because of numer- 
ical effects for instance. 

Under some specific conditions, the next part 
shows that this choice of analysis filter parameters, 
leads to q + 1 linearly independent vectors 

_Lo, ‘.. ,&. Note that _Lj can be written as 

_Lj =_Uj + Cjxjj, 

with _Vj = [S(O), S,(l), . . . 9 S’j(q)lT and _Vj = [Sj( l), 

... 3 Sj(q + l)IT. For j = 0, . . . ,q, _Vj and /j are 
vectors whose components are + 1 (note that both 
vectors _Uj and _Vj depend on cj values). 

Assume that the estimates of Sj( i), obtained from 
parameters bf , are equal to S,(i) (this is generally 
the case because sign(b,* + cjb?- 1) = sign(bi + 
cjbi_ 1) as discussed in the next section). Appendix 
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A then shows that analysis filter parameters, 
satisfying (8), lead to 4 $ 1 linearly independent 
vectors _VO, . . . , If,. Hence 

Detv, , . . . ‘_v4) # 0. (9) 

The determinant of the q + 1 vectors _LO, . . . ,_L,, 
can be considered as a multivariate polynomial 
P = P(c0, . . . . cq) with q + 1 unknowns co, . . . ,cq 
such that 

P(c0 . . . ,c,) = Det(Lo, . . . ,&) 

= coct 1.. c,Det(lo, . . . ,/J + ... . 

(10) 

Inequality (9) implies that this multivariate poly- 
nomial differs from the zero polynomial (the coef- 
ficient of co ... cq differs from zero). The following 
property can then be obtained: 

If the filter analysis parameters &fleer from the zeros 
of the multivariate polynomial P, the vectors 

Lo, . . . , _L, are linearly independent. 

2.3. Practical implementation 

For a practical implementation, the largest 
values Mj are estimated using K analysis filter 
output !amples yj(O), yj( l), . . . , yj(K - 1) and de- 
noted 1Mj. The different S,(i) sign estimates are 
obtained from the rough MA parameter estimates. 
The analysis filter parameters are chosen as 

Ci = SF + $+:l 
2 

, i=l,..., q, co < ST. 

The matrix system (7) then leads to 

Ai=@, (11) 

with 
[Go, . . . 

4 = [aji] : [Sj(il+ CjSj(f+ l)], g= 
, bJT and _M = [MO, . . . , MJT. The solu- 

tion of (11) yields the MA parameter estimates &iv 
Note, especially, a fundamental property of the 
proposed estimator: When the q +, 1 absolute 
maxima Mj are reached (i.e. when Mj = Mj for 
j = 0, . . . , q) and the S,(i) estimates are correct, 
the MA parameter estimations are equal to 
bo,b 1, . . . , b, and have a zero error. The assumption 

that the signs Sj( i) are correct may seem surprising. 
An estimate of the corresponding probability can 
be obtained as follows. Let us assume that the 
Durbin estimates bf are Gaussian with mean bi. 
The Gaussian assumption for Durbin estimations 
seems to be reasonable for large data records. It 
cannot be easily justified theoretically. The asymp- 
totic normality results for the maximum likelihood 
estimator cannot be used when the range of the 
likelihood function depends on the true parameters 
to be estimated [6,7]. However, normality tests 
(such as the Kolmogorov-Smirnov test) have been 
applied to real data and have shown that this 
assumption is realistic. 

In the case of Gaussian Durbin estimates, the 
variables b; + cjbi*_ 1 are Gaussian with mean 
bi + cjbi- 1 and variance ei”j. When bi + cjbi- 1 > 0, 
the probability that the S,(i) estimate is correct is 
the probability that b* + cjbF_ 1 > 0, which is given 

by 

P[bl + cjb:-1 > 0] 

As soon as (bi + cjbi=l)/oij > 4 or 5, 
P[br + cjb:-1 > 0] = 1 - E, with E < 5e - 5. The 
sign S,(i) is then correct with the probability 1 - E. 

The aim of the next section is to show that, for 
binary inputs e(K), the equalities Aj = Mj for 
j=o, . . . ,q are reached with a high known prob- 
ability depending on the number of samples K and 
the MA model order q. 

2.4. Probability of error 

For binary inputs _such that P[e(k) = l] = 
Pz > 0, the property Mj = Mj is verified if there 
exists an integer k E (0, . . . , K - l} such that 

b,e(k) + i (bi + cjbi-l)e(k - i) 
i=l 

+ cjb,e(k - q - 1) 

= lb01 + t Ibi + cjbi-11 + Jcjbql. 
i=l 

(124 
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Alternatively, 

[e(k), e(k - l), . . . ,e(k - q), e(k - q - 1)l 

= [s(o)~ sj(1), . . .9 sj(q), sj(q + I)]- Wb) 

yote that the number of parameters S,(i) is q + 2. 
Mj= Mj if there exists an integer 
kE(O, . ,K - l} such that the vector 
[e(k),e(k - l), . . . , e( k - q), e( k - q - l)] is equal 
to a binary vector. Define Pz+’ as the probability 
of having at least one integer ke (0, . . . , K - l} 
such that (12b) is satisfied. Pji+’ can be recursively 
determined, for a qth MA filter and K samples [lo]. 
For instance, when the maximum is obtained for 
e(k) = e(k - 1) = ... = e(k - q - 1) (which is the 
worst case i.e. leads to the lowest probability), 
Pii2 is given by 

Pi+2 = (PE)q+2 + (P,)q+3(K - q - 2), 

q+26K<2q+5, (13) 

pq+2 = (p#+2 K 

+ (PE)q+3 
[ 

K - q-2-(;;$:4+f)]? 

K > 2q + 5. (14) 

Consider the special case of a binary input with 
equally likely values + 1. Then 

PE = P[e(k) = + l] = P[e(k) = - l] = f. 

For this particular case, P4Kf2 is shown in Fig. 2 
as a function of q and K. For instance, for a 
q = 7 order MA model and for K = 10000, 

9 PloooO z 0.99. When (12a) and (12b) are satisfied 
for every j = 0, . . . , q, MA parameter estimates 
have a zero error. The accuracy is then limited only 
by the computer’s last significant digit. 

The determination of the OS estimator bias and 
variance is a difficult task because the variables 
yj(k), for j = 0, . . . ,q + 1, are not independent. 
However, the following results can be obtained. 
When the Sj( i) are known, the matrix A of (11) is 
deterministic and 

E[@ +=A-‘(EC@ -_M), 

E[(b^-b)(&b)=] =A-‘C&-‘)=, 

(154 

(15W 

1. K=lOO 

3. K=lOOO 
4. K=5000 
5. K=lOOOO 
6. K=15000 

-1 1 3 5 7 9 11 13 15 17 

q 

Fig. 2. Probability Pg+z as a function of q and of the number of 
samples K. 

Ca being the G covariance matrix and E[ .] de- 
noting the mathematical expectation. In the case of 
a binary input, the analysis filter output yj( k) is 
a discrete variable. iGj = Max, yj(k) is then a dis- 
crete variable with different values denoted by mj, 
with rnj = Mj. The bias of Aj then satisfies 

jE[fii - Mi]I < C Imj - MilP[G?i = mi] 
j#i 

<Maxim:-MiI C P[Ai=mf] 
j#i j#i 

< Max 1,: - Mil(l - Pi”). 
jiti 

<or av_q, lb++ m Pq+’ = 1. Thus, the estimators K 
_M and &are asymptotically unbiased. 

The Mi mean square error (MSE) satisfies the 
following equation: 

E[(rCii - Ml)‘] = 1 (ml - Mi)‘P[~i = ml] 
j#i 

< Max(mj - Mi)2 C P[Ai = mi] 
j#i j+i 

6 Max(mi - Mi)‘(l - P”,‘“). 
j+i 

Hence 

lim E[(Gi - Mi)2] = 0. 
K++ 00 

The OS estimator is consistent. 
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Table 1 
Comparison between OS and Durbin estimator bias for dif- 
ferent numbers of samples 

K 

50 
100 
150 
200 
250 
500 

6, bias h, bias g2 bias b, bias 
(Durbin) (OS) (Durbin) (OS) 

1.16E - 1 2.12E - 1 5.56E - 2 9.94E - 2 
6.40E - 2 5.47E - 2 2.75E - 2 2.24E - 2 
2.9lE - 2 1.51E - 2 1.59E - 2 4.51E - 3 
2.89E - 2 6.74E - 4 1.38E - 2 1.98E - 3 
9.50E - 3 l.lOE - 14 3.64E - 3 1.90E - 15 
9.37E - 3 l.llE - 14 3.67E - 3 1.89E - 15 

Table 2 
Comparison between OS and Durbin estimator variance for dif- 
ferent numbers of samples 

K 

50 
100 
150 
200 
250 
500 

6, variance 5, variance 6, variance 6, variance 
(Durbin) (OS) (Durbin) (OS) 

1.40E - 1 4.50 5.55E - 2 4.50 
6.30E - 2 1.20E - 1 2.40E - 2 1.20E - 1 
4.30E - 2 4.80E - 2 1.50E - 2 4.70E - 3 
3.10E - 2 1.60E - 3 l.lOE - 2 3.50E - 3 
1.30E - 2 l.llE - 14 3.65E - 3 1.90E - 15 
1.20E - 2 l.lOE - 14 3.60E - 3 1.90E - 15 

2.5. Comparison with the Durbin estimator 

How does the OS estimator compare to the con- 
ventional Durbin one [6]? Consider a second-order 
MA model, with parameters b,, = 1, bl = - 0.532 
and bz = 0.338. In terms of bias and variance, the 
performance of these two estimators has been 
evaluated for different sample numbers with 1000 
Monte Carlo runs and is shown in Tables 1 and 2. 
In the absence of noise, the OS estimator outper- 
forms the Durbin estimator when K x > 200. 
Note that, as the number of samples increases (i.e. 
Kz > 250, 500), the OS estimator has a 
error. The results are then more accurate 
those of any other estimation procedure. 

3. Noise effects 

zero 
than 

This section studies the effects of additive noise. 
The model is corrupted by a continuous additive 
noise n(k), which is assumed to be i.i.d. (indepen- 
dent identically distributed) and statistically 

independent of the input e(k). The signal to noise 
ratio is defined as 

SNR = 10 log,, ECW) - W)21 1 Hn’(k)l ’ 

The model is defined by the following equation: 

z(k) = n(k) + i bie(k - i), keif. (16) 
i=O 

The ‘analysis filter’ outputs are shown in Fig. 3 
(denoted by yj(k) for j = 0, 1, . . . ,q) and are given 

by 

yi(k) = hoe(k) + 5 (bi + cjbi-l)e(k - i) 
i=l 

+ cjb,e(k - q - 1) + n(k) + cjn(k - 1). 

(17) 

Thus, yj( k) = ej( k) + nj( k), where 

ej(k) = hoe(k) + i (bi + cjbi_l)e(k - i) 
i=l 

+ cjb,e(k - q - 1) 

is a discrete variable with 24+’ different values, 
denoted by Vi for i = 1, . . . ,2q+‘, and where 
nj( k) = n(k) + cjn (k - 1) is a continuous variable. 
Let fnj(X) be the probability density function (p.d.f.) 
of nj( k). The p.d.f. of yj( k) is then given by 

fy,(x) = 2q1 
p+2 

+2 iFl f.jtx - %I. (18) 

Hence, the analysis filter output statistics can be 
determined. Assume that the S,(i) estimates ob- 
tained from Durbin estimates are correct, the 
matrix A from (11) is deterministic. The OS es- 
timator bias and covariance matrix are thus given 
by (15a) and (15b). In the next part of the paper, 
&(x) is used with (Isa) and (15b) to determine the 
OS estimator bias and covariance matrix. The 
study is carried out for different additive noise 
models. 
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~1 (k) 
t 

bO,bl.....bq 
'\ 
'\ 

“4 .____________________________________ 

\ 

-+Ecl-= 

cq 

Fig. 3. Single-channel system with analysis filters. 

3.1. Additive Gaussian noise [l l] 

n(k) is assumed to be a white Gaussian process 
with zero mean and variance cr2. The variable 
nj(k) = n(k) + cjn( k - 1) is then Gaussian with 
zero mean and variance I$ = (1 + ~;)a’. From 
(18) the analysis filter output p.d.f. is given by 

j__,(x) = & ‘f ---L exp [ - 91. 
i=l m 

(19) 
J 

The next calculation would be to determine the 
statistics of k but this is not an easy task. The 
determination of the exact statistics of each com- 
ponent 8?j is even a difficult problem because the 
corresponding variables yj( k) are not independent. 
Much work has been done in the extreme value 
field. Gumbel [S] has shown the existence of three 
asymptotic distributions for the largest values. 
Each distribution assumes a specific behaviour for 
absolute large values of the variable. The asymp- 
totic fij distribution can be determined with the 
help of the following properties: 

(1) 

(2) 

The distribution of the largest normal values 
converges towards the Gumbel first asymptote 

ca 
E[Mj]=UK+L, 

@-K 

Given N p.d.f.‘s fi( t) with i = 1, . . . , N of N vari- y being the Euler constant (y z 0.577). In the pre- 
ables whose largest value distributions con- sence of an additive Gaussian noise, the main draw- 
verge towards the Gumbel first asymptote, it back of the OS estimator lies in its bias. When n(k) 

can be shown that the variable whose p.d.f. is 
(l/N)Cy= IJ(t) has a largest value distribution 
converging to the same asymptote. 

Thus, for a high number of samples K, the Gj p.d.f. 
can be approximated by the first asymptote: 

F(x) = P[X < x] = exp[ - e-aK(x-ux)], 

c(K > 0, x > 0. 

The parameters c(~ and uK, which depend on the 
number of samples K, have then to be estimated. 
Numerous methods for estimating these two para- 
meters are available in the literature [S]. They lead 
to a theoretical p.d.f. which can be compared with 
an Gj histogram. Figs. 4(a) and (b) present results 
for a second-order MA model with parameters 
b0 = 1, bl = - 0.532, b2 = 0.338 and a signal to 
noise ratio (SNR) equal to 10 dB. For a K = 10 000 
number of samples, good agreement is shown be- 
tween the theoretical and estimated $j p.d.f. 

The OS estimator bias can be determined from 
(15a) and from the &?j asymptotic distribution first 
moment given in [S]: 
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2.50 3.28 
X 

Fig. 4. Comparison between theoretical and estimated @, p.d.f. 
with 95% confidence intervals: (a) fi, p.d.f.; (b) G2 p.d.f. 

is not bounded, the following property is verified: 

lim E[lGj] = lim UK + -$ = + Co. 
K-+-CC K-++ZC 

In the presence of an additive Gaussian noise, the OS 
estimator is asymptotically biased. It can be shown 
that the Durbin estimator performs better than the 
OS estimator [ll]. The bias of the OS estimator, 
for models corrupted by an additive Gaussian 
noise, leads to an unsatisfactory behaviour. The 
next step is to design an unbiased version of the OS 
estimator for models corrupted by an additive 
bounded noise. 

3.2. Bounded additive noise [12] 

3.2.1. Modeling 

The usual way of modelling system perturbations 
with an additive Gaussian noise can be explained 

as follows: 
- The Gaussian assumption can sometimes be jus- 

tified by means of theoretical works such as those 
on central limit theorems. 

- The estimation of the noise statistics usually 
leads to a Gaussian-shaped p.d.f. 

- In most applications, conventional tests (such as 
Kolmogorov or Chi2 ones), allow us to assume 
that real noise data are Gaussian. 

However, the perturbations of physical systems are 
always bounded, because of sensor finite dynamics 
for instance. Under these conditions, perturbation 
model can be made with a Gaussian-shaped 
bounded noise. A zero mean bounded noise n(k) 
can be generated with a Gaussian process g(k), 
a one-to-one application f from the real set to 
a bounded interval [- N, + N] and the relation 
n(k) = f [g(k)]. For example, the smooth clipping 
function f(x) = /I Arctg(ax) (which is conventional 
in electronics) preserves the main lobe shape of the 
Gaussian p.d.f. (due to its approximate linearity) 
and changes only its tails. This function leads to the 
p.d.f. of n(k): 

f.(x) = 1 + GWB) 
u&P 

exp[-91, 

XE] -&q3,*7Cjl[. (20) 

The two parameters o! and /I can be determined 
from noise observations. Fig. 5 gives an insight of 
how this bounded noise compares with a physical 
one. In this figure, the p.d.f. of the bounded noise is 
compared with a histogram from real noise data 
(interferences for an Instrument Landing System 
Cl]). Good agreement is shown between the theor- 
etical noise p.d.f. and the histogram of the actual 
noise. Thus, the interferences in an Instrument 
Landing System can be modeled as a bounded 
noise obtained with a Gaussian process trans- 
formation. Consider now the study of the OS es- 
timator for the identification of models corrupted 
by such an additive bounded noise. 

3.2.2. Modified OS estimator 

For an additive noise n(k) bounded by its max- 
imum N, the maximum of the analysis filter output 
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Fig. 5. Comparison between the bounded noise p.d.f. and the 
ILS interference histogram. 

is given by 

Mj=lboI + i Ibi+Cjbi-ll+ ICjbq1 
i=l 

+ (1 + ICjl)N. (21) 

The concatenation of this equation for j = 
0 9 ... 9 q + 1 leads to a matrix system very similar to 
(7) with q + 2 equations and q + 2 unknowns 
bo,bl, . . . ,b, and N: 

Ab = M, (22) 

with M = [M,, . . . . Mq+JT, b= [b,, . . . . b,,b,+JT 
and b,,, = N. This system of equations allows 
simultaneous estimation of the model parameters 
and the noise maximum. The properties of this 
modijied OS estimator are now examined. 

The modified OS estimator bias can be deter- 
mined from Gj statistics as before. yj(k) is 
a bounded random variable. Using Gumbel’s re- 
sults [S], the distribution of its largest value con- 
verges towards the third asymptote given by 

F(x)=exP[ -(ET], x<wK, (23) 

with vk < wK and kK > 0. The parameters kK, 
OK and vK (which depend on the number of samples 
K ) can be estimated with the different methods that 
can be found in [S]. The first moment correspond- 
ing to this asymptote is 

E[Gj] = WK + (WK - VK)~(I + l/k,). (24) 

It can be shown that (see [S]) 

lim uK = lim OK = Mj. (25) 
K++m K-+m 

Thus, the modijied OS estimator is asymptotically 
unbiased. 

The determination of the modified OS estimator 
covariance matrix is a difficult problem because 
variables fij are not independent (see (15b)). How- 
ever, the following results can be obtained. 

The jth diagonal term of CQ is equal to the 
A%j variance (i.e. the first asymptote order-two 
moment given in [S]) 

Var [fij] 

= (UK - OK)’ [r(l + 2/( kK) - r(l + 1/kK)2]. 

Eq. (25) then gives 

lim Var [lCij] = 0. 
K*+m 

(26) 

The diagonal terms of CQ tend to zero asymp- 
totically. 

Using the Schwarz inequality 

0 d ICOV(A?i, tij)12 < Var[fii] Var[fij] 

Eqs. (26) and (27) then give 

(27) 

lim COV(tii, i?j) = 0, 
K-+,X 

with COV(A?i, A?j) = E[(Icii - E(tii))(tij - 
E(~j))]. The off-diagonal terms of Ca tend to zero 
asymptotically. 

Eq. (15b) then shows that, in the presence of an 
additive bounded noise, the modijied OS estimator is 
consistent. 

In terms of bias and variance (estimated from 
1000 Monte Carlo runs), a comparison between 
the modified OS and Durbin estimator perfor- 
mance is presented in Figs. 6 and 7, for a finite 
number of samples. Despite being asymptotically 
unbiased, the modified OS estimator gives large 
bias for low signal to noise ratio. The results for the 
variance are more satisfactory for models with low 
perturbations. 
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Fig. 6. Comparison between the modified OS and the Durbin 
estimator bias for different signal to noise ratios: (a) b^, bias, ^ 
(b) b2 bias. 

3.3. Comparison with the Yellin and Porat Standard deviation 
estimator [ 151 = {0.0069,0.0044,0.0038,0.0040,0.0054>. 

There are some similarities between the OS es- 
timator and the Yellin and Porat estimator: 
- both methods are restricted to discrete-alphabet 

inputs and provide, in the noiseless case, the 
exact MA parameters. 

- Both methods are sensitive to the noise level but 
do not require assumptions on the nature of the 
noise (the noise can be Gaussian, non-Gaussian, 
independent or correlated with the input, etc.) 

A comparison between the two estimators for the 
first test case developed in [ 151 leads to the follow- 
ing results: 

Yellin and Porat algorithm 
Bias (absolute value) 

= {0.0071,0.0050,0.0045,0.0052,0.0074}, 

0.06 n D. Estimator 

O.S. Estimator 
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Fig. 7. Comparison between the modified OS and the Durbin 
estimator variance for different signal to noise ratios: (a) 6, 
variance, (b) &, variance. 

Our algorithm (modified OS estimator) 
Bias (absolute value) 

= {0.0081,0.0014,0.0012,0.0031,0.013}, 
Standard deviation 

= {0.012,0.0057,0.024,0.0033,0.047}. 

It can be seen that the two approaches give very 
similar results. However, our estimator can be pre- 
ferred because of its lower computational cost. The 
method of Yellin and Porat consists in determining 
equivalent measurements (measurements that cor- 
respond to the same input sequence). The algo- 
rithm for finding the equivalent measurements is 
not simple. A set S, which will appear in clusters, 
has to be constructed. These clusters have then to 
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be identified and to be separated. The set S contains 
outliers that have to be removed with another 
algorithm. Moreover, the method of Yellin and 
Porat is recursive. As it is discussed in their 
paper, the estimation of the first parameter be is 
crucial. Our algorithm is not recursive and does not 
suffer from the problem induced by the estimation 
of bo. 

3.4. Model order mismatch 

When the model order is underestimated, the per- 
formance of our algorithm is very similar to the 
performance of the Yellin and Porat algorithm. The 
unmodeled part of the MA model output can be 
viewed as an additive zero mean discrete noise. Our 
algorithm is sensitive to the noise level but not to 
the nature of the additive noise. It will perform well 
as long as the energy of the unmodeled part is 
negligible with respect to the energy of the modeled 
part. For instance, consider the case of a fifth-order 
MA model with parameters 

h1 = - 0.532, bz = 0.338, b3 = 0.061, 

h4 = - 0.0525, b5 = 0.012. 

The model order used by the algorithm is q = 2. 
For an SNR = 40 dB, the following results are ob- 
tained: 

Bias (absolute value) = {0.031,0.0195}, 

Standard deviation = {0.0092,0.0085}. 

These results are very similar to the results ob- 
tained with the Yellin and Porat algorithm in the 
case of underestimation. 

When the model order is overestimated, the algo- 
rithm breaks down. The choice of the analysis filter 
parameters, for having a full rank matrix A, be- 
comes impossible because some ri are equal (see 
Eq. (8)). This property could induce a model order 
selection procedure. In practice, our algorithm is 
limited to high signal to noise ratio ( > 30 dB). 
Under these conditions, the model order selection 
can be performed with the usual techniques de- 
veloped in [6]. 

4. Non-minimum phase MA systems 

Recent years have shown an increasing interest 
in non-minimum phase MA systems. Using higher- 
order statistics, many techniques have been de- 
veloped for the identification of these systems 
driven by non-Gaussian inputs [4,18,14]. One of 
these techniques, proposed by Giannakis and Men- 
de1 [4], is based on the following equations (de- 
noted by GM equations): 

t bEC,(m - k) 
k=O 

= k$o bkC& - k m - 4, (28) 

C,(k) and C,,( k, k) being, respectively, the autocor- 
relation and diagonal third-order cumulants of the 
process z(n), and a&?, y3e the input variance and 
third-order cumulant. In the noise-free case, the 
concatenation of Eqs. (28) for m = - q, . . . , + 2q 
(q being the MA model order) leads to a linear 
overdetermined system with 2q + 1 unknowns 
bk,bi(fork= 1,2, . . . , q) and E = ai/y3,. The solu- 
tion of this system can be determined using differ- 
ent least-squares techniques. For our simulations, 
the use of singular value decomposition (SVD) 
and total least squares have been used as was 
suggested in [S]. For models embedded in additive 
Gaussian noise, the range of values taken by m can- 
not include O,l, . . . ,q. Thus, the following 
equations (developed by Tugnait [14]) have to be 
considered: 

i bkC3,(m-k,m-k+q)- 
k=l 

G-(m) 

= - CsZ(m, m). (29) 

The combination of Eqs. (28) and (29), respec- 
tively, for m = - 1, . . . , - q, q + 1, . . . ,2q and 
m = -4, . . . , + q leads to an overdetermined 
system that can be solved with least-squares tech- 
niques. In the case of a symmetrically distributed 
input, the third-order cumulants Csy(m, m) are 
equal to zero. Consequently, Eqs. (28) and (29) 
have to be extended to order four. For instance, 
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(28) becomes phase system are 

i b:C,(m - k) 
k=O 

= k$o bkC4Jm - k, m - k, m - k). (30) 

The modified OS estimator performance is now 
compared with that obtained with the GM es- 
timator for the identification of non-minimum 
phase systems driven by binary inputs. The follow- 
ing non-minimum phase MA model is considered 

c41: 

z(k) = e(k) - 2.0833e(k - 1) + e(k - 2) + n(k). 

(31) 

This model has two reciprocal zeros at $ and t and 
MA parameters corresponding to the minimum 
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Fig. 8. Comparison between the modified OS and the GM Fig. 9. Comparison between the modified OS and the GM 
estieator bias for different signal to noise ratios: (a) 5, bias, estimator variance for different signal to noise ratios: (a) g1 
(b) b2 bias. variance, (b) g, variance. 

b&O) = 1, b,,(l) = - 1.5, bM,(2) = 0.5625. 

(32) 

Input samples e(k) are binary, with equally likely 
values + 1 and - 1. The additive noise n(k) 
is white Gaussian and statistically independent of 
e(k). MA parameters are estimated using GM 
and modified OS estimators from K = 10000 
output measurements. In terms of bias and vari- 
ance, a comparison between the performance of 
these two estimators is presented in Figs. 8 and 9. 
The variance performance of the modified OS es- 
timator is better for high signal to noise ratio than 
those obtained with the GM algorithm. However, 
for a finite number of samples, a large bias may 
remain. 
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5. Conclusion 

The maximum and the order statistics of a mov- 
ing average model driven by a binary input have 
been used to estimate its parameters. In the absence 
of noise, the main property of the estimator (de- 
noted OS estimator) is a zero error for a finite 
number of samples with a high known probability. 

The OS estimator performance has then been 
studied for the identification of models embedded 
in additive Gaussian or bounded noise. In terms of 
bias and variance, a comparison between the 
OS estimator and the Durbin estimator has been 
proposed. 

The estimation algorithm is not restricted to 
non-minimum phase systems. A comparison has 
been presented with a higher-order estimator de- 
veloped by Giannakis and Mendel. For high signal 
to noise ratio, the variance of the OS estimator 
outperforms conventional estimators. For a finite 
number of samples, its bias may remain large, even 
in the case of an additive bounded noise. 

Appendix A. Choice of analysis filter parameters 

Let Yi = - bi/bi_ 1 for i = 1, . . . ,q and r,+ 1 = 0. 
Arranging the ri ratios in increasing order give 
q + 1 parameters denoted by si such that 

s1 < s2 < ..’ < s,+1. 

The vector [sl , . , sq+ I IT is the order statistics of 
the vector [rl, . . . , r4+ I IT. This appendix shows 
that analysis filter parameters defined by 

C”<SI*<C1<$< ..I <s,*<c,<s,*+l (A.l) 

lead to q + 1 linearly independent vectors _Vj. 
Consider the simple case where all MA para- 

meters are positive (the other cases could be studied 
in similar way). We then obtain 

S(0) = 1, 

S,(i) = 1 o bi + cibi_1 > 0 0 cj 2 - bi/’ 

hi-,,S,i(q+l)=l 0 cj>O. 

When the parameters bi are all positive, all ratios 
si with i = 1, . . . ,q + 1 are negative and then 

sq+ 1 = 0. We then get the following results: 

Forcj>Sq+l=O: 

S(0) = Sj(1) = “’ = Sj(q + 1) = 1, 

for CjE]Sq, $+I[: 

S(0) = Sj(1) = ‘.’ = Sj(q) = 1, Sj(q + 1) = - 1, 

etc. 

Two different cj values belonging respectively to 
intervals IS, si + 1 [ and ] si + 1, si + 2 [ yield two vec- 
tors /j which differ with respect to only one com- 
ponent. With the previous choice of parameters cj 
(see (A.l)), the vectors _Vj for j = 0, . . . , q are all 
different but only one component of two consecu- 
tive vectors is different. An example of such vectors 
/j is given below: 

_vo = 3 _v1= I 
1 1 1 -1 

1 - 

1 

1 

1 

- 1. 

-1 
. . . . /q= . 14 -1 

-1 

? _v2= 

1 

1 

1 

-1 

-1 

These vectors _Vj for j = 0, . . . , q are linearly inde- 
pendent. 

For practical implementation, analysis filter 
parameters are determined from parameters 
s’ (and not from si). When the rough estimations of 
parameters bi are-sufficiently accurate, the 
ing result can be obtained: 

s* + s:+, 
Ci = 

2 
* CiEISi~Si+lC~ 

which leads to q + 1 linearly independent vectors 

follow- 
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